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We prove that if G is a locally compact group acting properly (in the sense of R. Palais) on a
space X that is metrizable by a G-invariant metric, then X can be embedded equivariantly
into a normed linear G-space E endowed with a linear isometric G-action which is proper
on the complement E \ {0}. If, in addition, G is a Lie group then E \ {0} is a G-equivariant
absolute extensor. One can make this equivariant embedding even closed, but in this case
the non-proper part of the linearizing G-space E may be an entire subspace instead of {0}.
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1. Introduction
Let G denote a topological group. By a linearization of a G-action on a topological space X we understand a G-equivariant
topological embedding X ↪→ L into a G-space L, where L is a topological linear space on which G acts linearly, i.e., by means
of linear operators. The linearization problem is as old as the theory of topological transformation groups itself. We refer
to [25, Ch. III] for a general discussion of this topic.
In this paper we are interested in linearization of proper (in the sense of R. Palais) actions of locally compact groups.
Recall that an action of a locally compact group G on a Tychonoff space X is said to be proper [24], if every point
x ∈ X has a neighborhood Vx such that for any point y ∈ X there is a neighborhood V y with the property that the set
〈Vx, V y〉 = {g ∈ G | gVx ∩ V y = ∅} has compact closure in G . In this case X is called a proper G-space.
In constructing a linearization X ↪→ L of a proper G-space X , a natural restriction on the linearizing G-space L is that L
be also a proper G-space. However, this is impossible when G is not compact since the origin of L is a G-ﬁxed point, while
all the stabilizers in a proper G-space are compact. A priori the largest part of L, which may be a proper G-space, is the
complement L \ {0}. So, one can ask about the possibility of an equivariant embedding of any proper G-space in a linear
G-space L with L \ {0} a proper G-space. It turns out that this program is realizable at least in the metrizable case.
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N. Antonyan et al. / Topology and its Applications 156 (2009) 1946–1956 1947In [24], R. Palais proved that if G is a matrix group and X a ﬁnite-dimensional separable metrizable proper G-space
having only ﬁnitely many orbit types, then X admits a G-equivariant embedding in a linear G-space of ﬁnite dimension L.
In the same paper it is shown that, if G is any Lie group and X a separable metrizable proper G-space, then X admits a G-
equivariant embedding in a real Hilbert G-space, where the action is by means of linear orthogonal operators. Corresponding
smooth G-embedding results were established by Kankaanrinta in [18] and [19].
However, in his constructions Palais did not care about the proper part of the linearizing G-space L. It was E. Elfving [14]
who improved this result of Palais by proving that if, in addition, G is a linear Lie group and X is locally compact, then
the relevant G-embedding X ↪→ L may be arranged to be closed and such that the G-action is proper on some invariant
neighborhood of X in L. For homogeneous G-spaces X = G/H , with H a compact subgroup of G , a similar result was
obtained earlier by Kankaanrinta [17]. In [15] Elfving obtained another G-embedding result for locally linear proper G-
manifolds, where the linearizing proper G-space is a convex invariant subset of a Banach G-space and the acting group is a
Lie group.
In this paper we solve the linearization problem of proper G-actions in a more general setting and for arbitrary locally
compact acting group G . Namely, our main result (Theorem 3.9) states that for each proper G-space X , that is metrizable by
a G-invariant metric, there exist a normed linear G-space E and a G-embedding f : X ↪→ E \ {0} such that G acts by means
of linear isometries on E and the complement E \ {0} is a proper G-space. If, in addition, G is a Lie group then E \ {0} is
a G-equivariant absolute extensor. For purposes of the equivariant theory of retracts and the equivariant shape theory it is
important to have a similar G-embedding which, in addition, is a closed map. This is achieved in Theorem 3.10, but in this
case the non-proper part of the linearizing G-space may be an entire subspace instead of {0}. As an application of this last
result, we obtain (see Corollary 3.13) that a proper G-space, which is metrizable by a G-invariant metric, is a G-ANR (resp.,
a G-AR) if and only if it is a G-ANE (resp., a G-AE).
2. Preliminaries
Throughout the paper, unless otherwise is stated, by a group we shall mean a topological group G satisfying the Hausdorff
separation axiom; by e we shall denote the unity of G .
All topological spaces are assumed to be Tychonoff (= completely regular and Hausdorff). The basic ideas and facts of
the theory of G-spaces or topological transformation groups can be found in G. Bredon [12] and in R. Palais [23]. Our basic
reference on proper group actions is Palais’ article [24]. Other good sources are [1,2,22]. For the equivariant theory of retracts
the reader can see, for instance, [3,6,9].
For the convenience of the reader we recall, however, some more special deﬁnitions and facts below.
By a G-space we mean a topological space X together with a ﬁxed continuous action G × X → X of a topological group
G on X . By gx we shall denote the image of the pair (g, x) ∈ G × X under the action.
If Y is another G-space, a continuous map f : X → Y is called a G-map or an equivariant map, if f (gx) = g f (x) for every
x ∈ X and g ∈ G . If G acts trivially on Y then we will use the term “invariant map” instead of “equivariant map”.
By a linear G-space we shall mean a G-space L, where L is a real linear topological space on which G acts by means of
linear operators, i.e., g(λx+ μy) = λ(gx) + μ(gy) for all g ∈ G , x, y ∈ L and λ,μ ∈ R.
By a normed linear G-space (resp., a Banach G-space) we shall mean a linear G-space L, where L is a normed linear
space (resp., a Banach space) on which G acts by means of linear isometries, i.e., g(λx+μy) = λ(gx)+μ(gy) and ‖gx‖ = ‖x‖
for all g ∈ G , x, y ∈ L and λ,μ ∈ R.
If X is a G-space, then for a subset S ⊂ X and for a subgroup H ⊂ G , the H-hull (or H-saturation) of S is deﬁned as
follows: H(S) = {hs | h ∈ H, s ∈ S}. If S is the one point set {x}, then the G-hull G({x}) usually is denoted by G(x) and called
the orbit of x. The orbit space X/G is always considered in its quotient topology.
A subset S ⊂ X is called H-invariant if it coincides with its H-hull, i.e., S = H(S). By an invariant set we shall mean a
G-invariant set.
For a closed subgroup H ⊂ G , by G/H we will denote the G-space of cosets {gH | g ∈ G} under the action induced by
left translations.
For any x ∈ X , the subgroup Gx = {g ∈ G | gx = x} is called the stabilizer (or stationary subgroup) at x. If Gx = G then x
is called a G-ﬁxed point. For a subgroup H ⊂ G , the set XH = {x ∈ X | H ⊂ Gx} is called the H-ﬁxed point set of X .
A compatible metric ρ on a G-space X is called invariant or G-invariant, if ρ(gx, gy) = ρ(x, y) for all g ∈ G and x, y ∈ X .
In 1961 Palais [24] introduced the very important concept of a proper action of an arbitrary locally compact group G and
proved that for such actions slices still exist at each point, whenever G is a Lie group. This makes it possible to extend a
substantial part of the theory of compact Lie transformation groups to locally compact ones.
Let X be a G-space. Two subsets U and V in X are called thin relative to each other [24, Deﬁnition 1.1.1], if the set
〈U , V 〉 = {g ∈ G | gU ∩ V = ∅}
has compact closure in G . A subset U of a G-space X is called small if every point in X has a neighborhood thin relative
to U . A G-space X is called proper (in the sense of Palais), if every point in X has a small neighborhood. Each orbit in
a proper G-space is closed, and each stabilizer is compact [24, Proposition 1.1.4]. Furthermore, if X is a compact proper
G-space, then G has to be compact as well.
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of a proper action is the same as the classical notion of a properly discontinuous action. When G = R, the additive group of
the reals, proper G-spaces are precisely the dispersive dynamical systems with regular orbit space (see [11, Ch. IV]).
Important examples of proper G-spaces are the coset spaces G/H with H a compact subgroup of a locally compact
group G . Other interesting examples the reader can ﬁnd in [1,2,6] and [22]. The reader is referred to [8] for a discussion of
the relationship between Palais proper G-spaces and Bourbaki proper G-spaces.
In the present paper we are especially interested in the class G-M of all metrizable proper G-spaces X that admit a
G-invariant metric. Observe that in this case the orbit space X/G is metrizable. Indeed, if ρ is a G-invariant metric on a
proper G-space X , then the formula
ρ˜
(
G(x),G(y)
)= inf{ρ(x′, y′) ∣∣ x′ ∈ G(x), y′ ∈ G(y)}
deﬁnes a metric ρ˜ , compatible with the quotient topology of X/G [24, Theorem 4.3.4].
It is well known that for G a compact group, the class G-M coincides with the class of all metrizable G-spaces (see
e.g., [4, Proposition 5]). A fundamental result of R. Palais [24, Theorem 4.3.4], states that if G is any Lie group, then G-M
includes all separable metrizable proper G-spaces. The question of whether the separability can be omitted in this Palais’
result, still remains open (even for G = R and G = Z). We refer to [8] for a further discussion of this problem.
A G-space Y is called a G-equivariant absolute neighborhood extensor (for the class G-M) (notation: Y ∈ G-ANE), if for
any closed invariant subset A ⊂ X of a G-space X ∈ G-M and any G-map f : A → Y , there exist an invariant neighborhood
U of A in X and a G-map ψ : U → Y such that ψ |A = f . If, in addition, one can always take U = X , then we say that Y is
a G-equivariant absolute extensor (notation: Y ∈ G-AE). The map ψ is called a G-extension of f .
A G-space Y ∈ G-M is called a G-equivariant absolute neighborhood retract (for the class G-M) (notation: Y ∈ G-ANR),
provided that for any closed G-embedding Y ↪→ X in a G-space X ∈ G-M, there exists a G-retraction r : U → Y , where U
is an invariant neighborhood of Y in X . If, in addition, one can always take U = X , then we say that Y is a G-equivariant
absolute retract (notation: Y ∈ G-AR).
We note that, in general, a metrizable G-ANE space Y need not be a G-ANR, because it may not belong to the class
G-M. But if Y ∈ G-M and Y ∈ G-ANE, then clearly Y ∈ G-ANR. The converse, for G an almost connected group, is proved
in [6, Remark 5]. Below, in Corollary 3.13, we generalize this result to arbitrary locally compact proper group actions.
Let us recall the well-known deﬁnition of a slice [24, p. 305]:
Deﬁnition 2.1. Let G be a group, H a closed subgroup of G , and X a G-space. An H-invariant subset S ⊂ X is called an
H-slice in X , if G(S) is open in X and there is a G-equivariant map f : G(S) → G/H , called the slicing map, such that
S = f −1(eH). The saturation G(S) will be said to be a tubular set and the subgroup H will be referred as the slicing
subgroup.
If G(S) = X then S is called a global H-slice of X .
One of the most powerful results in the theory of topological transformation groups states (see [24, Proposition 2.3.1])
that, if X is a proper G-space with G a Lie group, then for any point x ∈ X , there exists a Gx-slice S in X with x ∈ S . In
general, when G is not a Lie group, it is no longer true that a slice exists at each point of X (see [5]). Generalizing the case
of Lie group actions, Abels [2] proved the following approximate version of Palais’ Slice theorem [24, Proposition 2.3.1] for
non-Lie group actions, which plays a key role in the proof of Theorem 3.9:
Theorem 2.2. Let G be a locally compact group, X a proper G-space and x ∈ X. Then for any neighborhood O of x in X, there exist a
compact subgroup K of G with Gx ⊂ K , and a K -slice S such that x ∈ S ⊂ O .
This result was further strengthened in [9, Theorem 3.6], where it was proved that the slicing subgroup K may be chosen
in such a way that the quotient G-space G/K is a G-ANR. For a compact group G this was proved in [5].
3. Linearization
Recall that a continuous function f : X → R deﬁned on a G-space X is called G-uniform, if for each  > 0 there is a
neighborhood U of the unity of G such that | f (gx) − f (x)| <  for all x ∈ X and g ∈ U .
By A(X) we denote the linear space of all G-uniform bounded functions on X endowed with the sup-norm and the
following G-action:
(g, f ) → g f , (g f )(x) = f (g−1x), x ∈ X .
It is known that A(X) is a Banach G-space (see [4]).
In general, the complement A(X) \ {0} may not be a proper G-space even for X a proper G-space. In this connection we
shall deﬁne a G-invariant linear subspace P (X) of A(X) such that the complement P (X)\ {0} is a proper G-space whenever
X is so.
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supp f = {x ∈ X ∣∣ f (x) = 0}
is a small subset of X . It is easy to see that P (X) is an invariant subset of A(X).
Denote the complement P (X) \ {0} by P0(X).
Since open small sets constitute a base of the (Tychonoff) topology of X , we see that P0(X) = ∅.
The G-space P (X) will play a central role in our further constructions.
Below, in a metric space, we shall denote by O (x, r) the open ball of radius r centered at the point x.
Proposition 3.1. Let G be a locally compact group and X be a proper G-space. Then for any f ∈ P0(X) the open ball O ( f , ‖ f ‖2 ) is a
small set in P0(X). In particular, P0(X) is a proper G-space.
Proof. Let h ∈ P0(X). We are going to show that the sets O ( f , ‖ f ‖2 ) and O (h, ‖ f ‖4 ) are relatively thin. Indeed, ﬁx a small set
U in X such that h(x) = 0 whenever x ∈ X \ U . Choose x0 ∈ X such that | f (x0)| > 3‖ f ‖4 . Since 〈{x0},U 〉 has compact closure
in G , it suﬃces to show that〈
O
(
f ,
‖ f ‖
2
)
, O
(
h,
‖ f ‖
4
)〉
⊂ 〈{x0},U 〉.
For, let g ∈ 〈O ( f , ‖ f ‖2 ), O (h, ‖ f ‖4 )〉. Then there is h′ ∈ O (h, ‖ f ‖4 ) such that g−1h′ ∈ O ( f , ‖ f ‖2 ). This implies that |h′(gx0)|
| f (x0)| − ‖ f ‖2 and |h(gx0)| |h′(gx0)| − ‖ f ‖4 . Thus,∣∣h(gx0)∣∣ ∣∣ f (x0)∣∣− ‖ f ‖
2
− ‖ f ‖
4
>
3‖ f ‖
4
− ‖ f ‖
2
− ‖ f ‖
4
= 0.
It then follows that gx0 ∈ U , i.e., g ∈ 〈{x0},U 〉, as required. 
Lemma 3.2. Let G be a locally compact group, X a metrizable proper G-space and S a closed subset of X . Let K be a compact subset
of G and U a neighborhood of K (S). Then there is a compatible metric d on X such that
d(x, y) > 1 whenever x ∈ K (S) and y ∈ X \ U . (3.1)
Proof. Since S is closed and K is compact, we infer that K (S) is closed in X (see e.g., [2, Proposition 1.2(e)]). By normality,
there exists an open subset V ⊂ X such that
K (S) ⊂ V ⊂ V ⊂ U .
Let ϕ : X → [0,1], be a continuous function such that ϕ|V ≡ 1 and ϕ|X\U ≡ 0. If ρ is a compatible metric on X , then it is
easily veriﬁed that the formula
d(x, y) = ρ(x, y) + ∣∣ϕ(x) − ϕ(y)∣∣, x, y ∈ X,
deﬁnes a compatible metric on X .
It follows from the deﬁnition of d that d(x, y) = ρ(x, y) + 1 > 1 for x ∈ K (S) and y ∈ X \ U , which completes the
proof. 
Lemma 3.3. Let G be a locally compact group, H a compact subgroup of G and X be a metrizable proper G-space admitting a global
H-slice S. Then there is a compatible G-invariant metric ρ on X such that each open ball Oρ(x,1) is a small set.
Proof. Let f : X → G/H be the slicing G-map with S = f −1(eH). Since G is locally compact and H is compact, G/H is
a proper G-space. Hence, one can choose a small neighborhood W of the point eH ∈ G/H . Since f is a G-map, the set
U = f −1(W ) is a small subset of X . It then follows that{
for any compact subset A ⊂ X the set
〈A,U 〉 = {g ∈ G | gA ∩ U = ∅} has compact closure in G. (3.2)
Let π : G → G/H be the quotient map. Again by local compactness of G one can ﬁnd a symmetric neighborhood Q of
the unity in G (i.e., Q = Q −1) such that the closure K = Q is compact and K ⊂ π−1(W ). Clearly K is also symmetric. Then
according to Lemma 3.2, one can choose a compatible metric d on X satisfying property (3.1).
Deﬁne
r(x) = d(x, X \ U ), x ∈ X .
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r(x) + r(z) d(x, y) + r(y) + r(z).
Therefore, if we write
μ(x, y) = min{d(x, y), r(x) + r(y)}, x, y ∈ X,
then it is obvious that μ is a pseudometric on X . Deﬁne
ρ(x, y) = sup
g∈G
μ(gx, gy).
It is clear that ρ is a G-invariant pseudometric. Let us check that it is a metric, in fact. Let x and y be two different points
of X . Since X = G(S), we infer that g0x ∈ S ⊂ U for some g0 ∈ G , yielding that r(g0x) > 0. Since the points g0x and g0 y
are also different, we see that d(g0x, g0 y) > 0. Consequently, μ(g0x, g0 y) > 0 which yields that ρ(x, y) > 0. Thus ρ is a
G-invariant metric on X .
We show that ρ is compatible with the topology of X . For, let {xn} be a sequence in X converging to a point x0 ∈ X
relative to the topology generated by ρ . Take an arbitrary ε > 0 and let Od(x0, ε) be the open ε-neighborhood of x0 in the
original metric of X . Since G(U ) = X , there is an element g0 ∈ G with g0x0 ∈ U . Since the map g−10 : X → X is continuous,
there is a δ > 0 such that Od(g0x0, δ) ⊂ U and g−10 (Od(g0x0, δ)) ⊂ Od(x0, ε).
The inclusion Od(g0x0, δ) ⊂ U implies that r(g0x0) δ > 0. Since {xn} converges to x0 in the topology generated by ρ ,
there exists n0 ∈ N such that ρ(xn, x0) < δ/2 for all n n0. Also, since μ(g0xn, g0x0) ρ(xn, x0), we see that μ(g0xn, g0x0) <
δ/2. Now, since r(g0xn) + r(g0x0) r(g0x0) δ, we infer that d(g0xn, g0x0) < δ/2; so g0xn ∈ Od(g0x0, δ/2). Therefore xn ∈
Od(x0, ε) for all n n0, showing that {xn} converges to x0 relative to the original topology of X .
Conversely, assume that a sequence {xn} ⊂ X converges to a point x0 ∈ X relative to the original topology of X , while
{xn} does not converge to x0 relative to the topology generated by ρ . Then, for some ε0 > 0, there must be a subsequence
{yk} ⊂ {xn} such that ρ(yk, x0)  ε0 for all indices k. Therefore, μ(gk yk, gkx0)  ε0/2 for a suitable sequence {gk} ⊂ G .
Consequently, r(gk yk) + r(gkx0)  ε0/2, yielding that {gk} ⊂ 〈A,U 〉, where A = {x0} ∪ {y1, y2, . . .}. As A is compact, it
then follows from (3.2) that 〈A,U 〉 has a compact closure, and hence, {gk} has a cluster point, say g ∈ G (see [16, The-
orem 3.1.23]). Then, by continuity of the action of G on X , the point gx0 is a cluster point for both sequences {gkx0}
and {gk yk} in X . Since X is metrizable {gkx0} and {gk yk} should contain subsequences which converge to the cluster
point gx0. Without loss of generality, one can assume that the sequences {gkx0} and {gk yk} themselves converge to gx0,
and hence, there is an index k0 such that d(gk yk, gkx0) < ε0/2 whenever k  k0. However, this contradicts the condition
d(gk yk, gkx0)μ(gk yk, gkx0) ε0/2.
It remains to show that every open ball Oρ(x,1) is a small subset of X . Since S is a global H-slice for X and ρ is G-
invariant, one can assume, without loss of generality, that x ∈ S . It suﬃces to show that Oρ(x,1) is contained in some small
set. Indeed, if y ∈ X \ K (U ) and g ∈ K , then gy ∈ X \ U because K = K−1. Also one has gx ∈ K (S). Consequently, by virtue
of (3.1), this yields that d(gx, gy) > 1. By the same reason, r(gx) 1. Consequently, μ(gx, gy) 1 whenever y ∈ X \ K (U )
and g ∈ K . This implies that
ρ(x, y) sup
g∈K
μ(gx, gy) 1
for all y ∈ X \ K (U ), i.e., Oρ(x,1) ⊂ K (U ). But K (U ) is a small set because U is small and K is compact (see e.g., [2,
Proposition 1.2(e)]). This yields that Oρ(x,1) is small, and the proof is complete. 
Now we prove a G-embedding result (compare [15, Proposition 4]) which, in particular, is applicable to G-spaces
X ∈ G-M admitting a global H-slice for some compact subgroup H ⊂ G (see Lemma 3.3).
Proposition 3.4. Let G be a locally compact group and (X,ρ) a metric proper G-space with an invariant metric ρ such that each unit
ball in X is a small set. Then X admits a topological G-embedding i : X ↪→ S, where S is the unit sphere in P (X) centered at the origin.
Moreover, i(X) is closed in its convex hull.
Proof. For every x ∈ X we deﬁne f x ∈ P0(X) as follows:
f x(y) =
{
1− ρ(x, y), if ρ(x, y) 1,
0, if ρ(x, y) 1.
Now we deﬁne the map i : X → P0(X) by i(x) = f x , x ∈ X .
To see that i is the desired map let us check ﬁrst that f x ∈ P0(X) for every x ∈ X . Clearly, f x : X → [0,1] is a continuous
function. Now, let ε > 0 be arbitrary. Choose a neighborhood W of the unity in G such that
ρ(hx, x) < ε for all h ∈ W . (3.3)
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for all h ∈ W and y ∈ X , which yields that f x ∈ A(X).
Consider all possible cases.
If ρ(x,hy) 1 and ρ(x, y) 1, then∣∣ f x(hy) − f x(y)∣∣= ∣∣1− ρ(x,hy) − 1+ ρ(x, y)∣∣= ∣∣ρ(x, y) − ρ(h−1x, y)∣∣ ρ(x,h−1x)= ρ(hx, x) < ε.
If ρ(x,hy) 1 and ρ(x, y) 1, then∣∣ f x(hy) − f x(y)∣∣= 1− ρ(x,hy) ρ(x, y) − ρ(x,hy) = ρ(x, y) − ρ(h−1x, y) ρ(x,h−1x)= ρ(hx, x) < ε.
The case ρ(x,hy) 1 and ρ(x, y) 1 reduces to the previous one. Finally, if ρ(x,hy) 1 and ρ(x, y) 1, then | f x(hy) −
f x(y)| = 0 < ε.
Thus, f x ∈ A(X). Observe that by the choice of the metric ρ , f x has a small support, and hence, f x belongs to P0(X).
Thus the map i : X → P0(X) is well deﬁned.
Next we observe that the following inequality holds:∥∥ f x1 − f x2∥∥ ρ(x1, x2) for all x1, x2 ∈ X . (3.4)
This implies that i is (uniformly) continuous. In order to prove (3.4), again we consider cases. Let y ∈ X be arbitrary.
If ρ(x1, y) 1 and ρ(x2, y) 1, then∣∣ f x1 (y) − f x2 (y)∣∣= ∣∣ρ(x1, y) − ρ(x2, y)∣∣ ρ(x1, x2).
If ρ(x1, y) 1 and ρ(x2, y) 1, then∣∣ f x1 (y) − f x2 (y)∣∣= ∣∣1− ρ(x1, y)∣∣ ρ(x2, y) − ρ(x1, y) ρ(x2, x1).
The case ρ(x1, y) 1 and ρ(x2, y) 1 reduces to the previous one. Finally, if ρ(x1, y) 1 and ρ(x2, y) 1, then∣∣ f x1 (y) − f x2 (y)∣∣= 0 ρ(x1, x2).
Thus (3.4) is proved.
Since f x(x) = 1, it then follows from (3.4) that ‖ f x‖ = 1, so f x ∈ S.
In order to show that i is a topological embedding, we observe the following. If ρ(x1, x2)  1, then ‖ f x1 − f x2‖ 
| f x1 (x1) − f x2 (x1)| = ρ(x1, x2), which implies together with (3.4), that∥∥ f x1 − f x2∥∥= ρ(x1, x2).
Moreover, if ρ(x1, x2) > 1, then∥∥ f x1 − f x2∥∥ ∣∣ f x1 (x1) − f x2 (x1)∣∣= 1.
It follows from these observations that i is injective and its inverse is continuous. The equivariance of i is immediate from
the G-invariance of the metric ρ .
It remains only to show that i(X) is closed in its convex hull. For, let { f xn } be a sequence in i(X) converging to a
f ∈ conv(i(X)). Then f has the form f =∑mi=1 ti f zi with ∑mi=1 ti = 1, ti  0 and zi ∈ X . Without loss of generality, one can
assume that t1 > 0. Next, we observe that:
∥∥ f xn − f ∥∥ ∣∣ f xn (xn) − f (xn)∣∣= ∣∣1− f (xn)∣∣=
∣∣∣∣∣
m∑
i=1
ti −
m∑
i=1
ti f
zi (xn)
∣∣∣∣∣=
m∑
i=1
ti
(
1− f zi (xn)
)
 t1
(
1− f z1 (xn)
)
.
Now, t1(1 − f z1 (xn)) is either t1ρ(z1, xn) or t1. Since ‖ f xn − f ‖ 0, the above inequality implies that t1(1 − f z1 (xn)) =
t1ρ(z1, xn) for all but ﬁnitely many indices n. We thus infer that ρ(z1, xn) 0 as n∞, i.e., xn z1. Being i a continuous
map, we get that f = lim i(xn) = i(z1), as required. 
Proposition 3.5. Let G be a locally compact group. Let {Xα | α ∈ A} be a family of G-spaces such that for any α ∈ A, there exists a
G-ﬁxed point aα ∈ Xα with a local base of G-invariant neighborhoods, and such that the complement Xα \ {aα} is a proper G-space.
Let X = (∏α∈A Xα) \ {a}, where a = (aα). Then X is a proper G-space.
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Since Xα0 is a Hausdorff space, the points xα0 and aα0 have disjoint neighborhoods, say, Wα0 and Sα0 , respectively. By
the hypothesis, one can assume that Sα0 is a G-invariant neighborhood of aα0 . In this case, clearly, 〈Wα0 , Sα0 〉 = ∅.
Since Xα0 \ {aα0 } is a proper G-space, we can and do choose a small neighborhood Vα0 of the point xα0 such that
Vα0 ⊂ Wα0 . We assert that the set
V = Vα0 ×
∏
α =α0
Xα
is a small neighborhood of x in X . Indeed, since aα0 /∈ Vα0 , we see that V ⊂ X , and clearly, x ∈ V . Now, let y = (yα) ∈ X be
an arbitrary point.
If yα0 ∈ Xα0 \ {aα0 }, then the point yα0 has a neighborhood Qα0 ⊂ Xα0 \ {aα0 }, thin relative to Vα0 , being the latter one
a small subset of Xα0 \ {aα0 }.
In this case the set
Q = Qα0 ×
∏
α =α0
Xα
lies in X and is a neighborhood of y. Since 〈V , Q 〉 = 〈Vα0 , Qα0 〉 we conclude that 〈V , Q 〉 has compact closure in G , and
hence, Q is thin relative to V .
Now assume that yα0 = aα0 . Since y ∈ X , there is an index α1 ∈ A, different from α0, such that yα1 = aα1 . Choose a
neighborhood Sα1 of the point yα1 such that aα1 /∈ Sα1 .
Set
S = Sα0 × Sα1 ×
∏
α =α0,α1
Xα.
Then S is a neighborhood of y in
∏
α∈A Xα , and since aα1 /∈ Sα1 , we see that S ⊂ X . Further, since 〈V , S〉 = 〈Vα0 , Sα0 〉 ⊂〈Wα0 , Sα0 〉 = ∅, we infer that S is thin relative to V . Thus, V is a small neighborhood of x, and the proof is complete. 
Remark 3.6. A particular case of this result was ﬁrst established in [7, Proposition 2.5]. However, the ﬁnal part of the proof
in [7] contains a small gap which can easily be corrected along the lines of the proof of this proposition.
Proposition 3.7. Let G be a Lie group and E a normed linear G-space such that for each compact subgroup H ⊂ G, the H-ﬁxed point
set EH is inﬁnite-dimensional. Then the complement E \ {0} is a G-AE.
Proof. We aim at applying the following result of Abels [2, Theorem 4.4]: a G-space T is a G-AE iff T is a K -AE for each
compact subgroup K ⊂ G .
In our case T = E \ {0}. In order to show that for each compact subgroup K ⊂ G , E \ {0} is a K -AE, we will apply the
following:
James–Segal theorem. ([20, Proposition 4.1]) Let K be a compact Lie group and T be a K -ANR. Then T is a K -AR if and only if for
every closed subgroup H ⊂ K the set of H-ﬁxed points T H = {t ∈ T | ht = t, ∀h ∈ H} is an AR.
We continue with the proof. Observe that by the equivariant Dugundji extension theorem [3], E is a K -AR, and hence,
E \ {0} is a K -ANR. So, the James–Segal theorem is applicable to T = E \ {0}.
Let H ⊂ K be any closed subgroup. Since EH is an inﬁnite-dimensional normed linear space, according to a result
of Klee [21], the complement of any point in EH is homeomorphic to the whole space EH ; in particular, EH \ {0} is
homeomorphic to EH . By the Dugundji extension theorem [13], EH is an AR, and hence, EH \ {0} is also an AR . Since
(E \ {0})H = EH \ {0} we infer that (E \ {0})H is an AR, as required. Now the above James–Segal theorem implies that E \ {0}
is a K -AR , which completes the proof. 
Proposition 3.8. Let G be a locally compact group, H a compact subgroup of G and X a proper G-space in G-M. If X/H is inﬁnite,
then P (X)H is an inﬁnite-dimensional linear space.
Proof. Let ρ be a compatible G-invariant, and hence, an H-invariant metric for X . It has been noted in Section 2 that the
metric
ρ˜
(
H(x), H(y)
)= inf{ρ(x′, y′) ∣∣ x′ ∈ H(x), y′ ∈ H(y)}
generates the quotient topology of X/H . In fact,
p
(
Bρ(x, ε)
)= Bρ˜(H(x), ε) for all x ∈ X and ε > 0,
N. Antonyan et al. / Topology and its Applications 156 (2009) 1946–1956 1953where p : X → X/H stands for the H-orbit map, and Bρ(x, ε) and Bρ˜ (H(x), ε) denote the open balls in X and X/H ,
respectively, having the radius ε and centered at the points x ∈ X and H(x) ∈ X/H .
As X/H is inﬁnite and metrizable, we may pick an inﬁnite family of mutually disjoint open balls {B ρ˜ (H(xi), ri)} in X/H .
It then follows that the sets
p−1Bρ˜
(
H(xi), ri
)= H(Bρ(xi, ri))
form an inﬁnite family of mutually disjoint H-invariant open sets in X . Moreover, since X is a proper G-space, we may
choose each ball Bρ(xi, ri) ⊂ X to be a small set. Now deﬁne the (inﬁnite) family of bounded continuous functions f i : X → R
by the formula:
f i(y) = max
{
ri − ρ
(
y, H(xi)
)
,0
}
, y ∈ X .
Observe that each f i has H(Bρ(xi, ri)) as its support. This set is small because H is compact and Bρ(xi, ri) small.
We show now that each f i is a G-uniform function. Let ε > 0. Then there is a neighborhood Wi of identity e ∈ G such
that
ρ(gxi, xi) < ε for all g ∈ W . (3.5)
Existence of such Wi is guaranteed by continuity of the action. Let us see that (3.5) implies∣∣ f i(gy) − f i(y)∣∣< ε for all h ∈ Wi and y ∈ X .
Consider the following four possible cases:
(a) ρ(gy, H(xi)) ri and ρ(y, H(xi)) ri . Then∣∣ f i(gy) − f i(y)∣∣= ∣∣ri − ρ(gy, H(xi))− ri + ρ(y, H(xi))∣∣
= ∣∣ρ(y, H(xi))− ρ(y, g−1H(xi))∣∣ ρ(H(xi), g−1H(xi))
= ρ(gH(xi), H(xi)) ρ(gxi, xi) < ε.
(b) ρ(gy, H(xi)) ri and ρ(y, H(xi)) ri . Then∣∣ f i(gy) − f i(y)∣∣= ri − ρ(gy, H(xi)) ρ(y, H(xi))− ρ(gy, H(xi))
= ρ(y, H(xi))− ρ(y, g−1H(xi)) ρ(H(xi), g−1H(xi))
= ρ(gH(xi), H(xi)) ρ(gxi, xi) < ε.
(c) ρ(gy, H(xi)) ri and ρ(y, H(xi)) ri . This case reduces to the previous one.
(d) ρ(gy, H(xi)) ri and ρ(y, H(xi)) ri . In this case | f i(gy) − f i(y)| = 0 < ε.
Thus, in all the cases∣∣ f i(gy) − f i(y)∣∣< ε for all h ∈ Wi and y ∈ X,
proving that f i(x) is G-uniform.
In addition, for every y ∈ X and h ∈ G one has:
f i(hy) = max
{
ri − ρ
(
hy, H(xi)
)
,0
}= max{ri − ρ(y,h−1H(xi)),0}
= max{ri − ρ(y, H(xi)),0}= f i(y)
i.e., f i is constant at the H-orbits of X . This means that f i ∈ P (X)H . Now it remains to observe that the family { f i} is
linearly independent in P (X)H because the functions f i have mutually disjoint supports. 
Now we are in a position to prove our main result:
Theorem 3.9. Let G be a locally compact group. Then, for each G-space X ∈ G-M, there exists a normed linear G-space E and a
G-embedding f : X ↪→ E \ {0} such that E \ {0} is a proper G-space. If, in addition, G is a Lie group then E \ {0} ∈ G-AE.
Proof. First we assume that G is not compact. Since G is locally compact, by Theorem 2.2, each orbit in X has a tubular
neighborhood, and hence, one can choose a tubular cover {Wi | i ∈ I} of X . Using paracompactness of the orbit space X/G
(it is, in fact, metrizable as shown in Preliminaries) and the openness of the orbit map X → X/G , one can choose a partition
of unity {ϕi : X → [0,1] | i ∈ I} such that each ϕi is an invariant function with ϕ−1i ((0,1]) ⊂ Wi , and the open covering
{Ui = ϕ−1((0,1]) | i ∈ I} of X is locally ﬁnite. By Lemma 3.3, each Wi , and hence each Ui , admits a G-invariant metric suchi
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normed linear G-space P (Ui).
For each index i ∈ I , we set:
f i(x) =
{
ϕi(x)li(x), if x ∈ Ui,
0, if x ∈ X \ Ui .
One readily sees that f i : X → P (Ui) is a G-map with X \ Ui = f −1i (0). Moreover, the restriction f i |Ui is an em-
bedding. Indeed, it is clear that f i |Ui is continuous and injective. Let us check continuity of the inverse map. For, let
x0 ∈ Ui be a point, {xk} be a sequence in Ui such that f i(xk) f i(x0), i.e., ϕi(xk)li(xk) ϕi(x0)li(x0) as k∞. Then
‖ϕi(xk)li(xk)‖ ‖ϕi(x0)li(x0)‖. But ϕi(xk) = ‖ϕi(xk)li(xk)‖ and ϕi(x0) = ‖ϕi(x0)li(x0)‖, because ‖li(xk)‖ = ‖li(x0)‖ = 1; so we
get that ϕi(xk) ϕi(x0). It then follows that li(xk) li(x0) as k∞. Since li |Ui is an embedding, we conclude that xk
converges to x0 as k∞. This proves that the map ( f i |Ui )−1 is continuous as well, and hence, f i |Ui is an embedding.
Denote by E the subset of the product
∏
i∈I P (Ui) consisting of all points v = (vi) ∈
∏
i∈I P (Ui) such that vi = 0 only
for ﬁnitely many indices i ∈ I . Deﬁne a norm on E by the following rule:
‖v‖ =
∑
i∈I
‖vi‖, where v = (vi) ∈ E.
It is easily seen that E , endowed with the diagonal action of G , becomes a normed linear G-space. Furthermore, this action
is also isometric, i.e., ‖gv‖ = ‖v‖ for all v ∈ E and g ∈ G .
Next, we consider the map f : X → E deﬁned by f (x) = ( f i(x)). Since {Ui} is a locally ﬁnite open covering of X , we infer
that f is a well-deﬁned continuous map. Its equivariance follows from the equivariance of the maps f i . We claim that f is
an embedding. Indeed, let x, y ∈ X and x = y. Choose a tube U j ∈ {Ui} with x ∈ U j . If y ∈ U j then f j(x) = f j(y) since f j |U j
is injective. If y /∈ U j then f j(y) = 0, while f j(x) = 0. Thus f (x) = f (y) which means that f is injective. Check that the
map f : X → f (X) is open. For, let Q be an open subset of X and x ∈ Q be an arbitrary point. As above, let U j ∈ {Ui} be a
tube containing the point x. Since the restriction f j |U j is an embedding, we see that f j(Q ∩ U j) is open in f j(U j). Choose
0 < ε < ‖ f j(x)‖ such that f j(U j)∩ O j( f j(x), ε) ⊂ f j(Q ∩U j), where O j( f j(x), ε) denotes the open ε-ball in S j , centered at
the point f j(x).
We claim that f (X) ∩ O ( f (x), ε) ⊂ f (Q ), where O ( f (x), ε) is the open ε-ball in E centered at f (x). Indeed, let y ∈ X
be such that ‖ f (y) − f (x)‖ < ε. Then ‖ f j(y) − f j(x)‖  ‖ f (y) − f (x)‖ < ε, and therefore f j(y) = 0, which is equivalent
to y ∈ U j . Hence f j(y) ∈ f j(U j) ∩ O ( f j(x), ε)), yielding that f j(y) ∈ f j(Q ∩ U j). Since f j is injective on U j , we conclude
that y ∈ U j ∩ Q . Consequently f (y) ∈ f (Q ), and hence, f (X) ∩ O ( f (x), ε) ⊂ f (Q ). This gives that f (x) is an interior point
of f (Q ) in f (X), and hence, f (Q ) is open in f (X). Thus, f is a homeomorphism of X onto f (X).
In order to prove that E \ {0} is a proper G-space we recall that each P (Ui) is a normed linear G-space and, by Propo-
sition 3.5, the complement P (Ui) \ {0} is a proper G-space. Since G acts on P (Ui) by means of linear isometries, it follows
that each open ball O i(0, ε) centered at the origin of P (Ui) is a G-invariant set. Hence Theorem 3.1 is applicable here,
according to which, the complement (
∏
i∈I P (Ui)) \ {0} is a proper G-space.
Next we observe that the norm topology of E is stronger than the one induced from the product topology of
∏
i∈I P (Ui).
This yields that the identical inclusion E \ {0} ↪→ (∏i∈I P (Ui)) \ {0} is a continuous G-map. It is a well-known and easily
proved fact that a G-equivariant preimage of a proper G-space is again a proper G-space (see e.g., [2]). Thus, E \ {0} is a
proper G-space.
Now we pass to the property E \ {0} ∈ G-AE, assuming additionally that G is a Lie group. We aim at applying Proposi-
tion 3.7.
Let us check that for any compact subgroup H ⊂ G , the H-ﬁxed point set EH is an inﬁnite-dimensional normed linear
space.
We observe that EH consists precisely of all those points x = (xi) ∈∏i∈I P (Ui)H for which xi = 0 only for ﬁnitely many
indices i ∈ I .
Next, Ui/H is an inﬁnite space, otherwise Ui would be a compact proper G-space, yielding compactness of G , a contra-
diction. But, if Ui/H is inﬁnite then, by Proposition 3.8, P (Ui)H is an inﬁnite-dimensional normed linear space.
It then follows that EH is also an inﬁnite-dimensional normed linear space. Now Proposition 3.7 completes the proof in
the case of a noncompact group G .
Next we assume that G is a compact group. It is known (see [4, Theorem 2]) that X can be G-embedded in L \ {0} for
some normed linear G-space L (possibly ﬁnite-dimensional). Take an arbitrary inﬁnite-dimensional normed linear space Z
(say, Z = 2, the Hilbert space) considered with the trivial action of G . Then the map l → (l,0), l ∈ L, is a G-embedding of L
into the product E = L× Z , which is an inﬁnite-dimensional normed linear G-space. As a result X is G-embedded in E \ {0}.
Due to compactness of G any G-space, and in particular E \ {0}, is a proper G-space. On the other hand, EH = LH × Z
for any compact subgroup H ⊂ G , yielding that EH is an inﬁnite-dimensional normed linear space. Now it follows from
Proposition 3.7 that E \ {0} is a G-AE. This completes the proof. 
For purposes of the equivariant theory of retracts and the equivariant shape theory it is important to have a similar
G-embedding as in the previous theorem which, in addition, is a closed map. This is achieved in the following
N. Antonyan et al. / Topology and its Applications 156 (2009) 1946–1956 1955Theorem 3.10. Let G be locally compact group. Then, for each G-space X from G-M, there exist a normed linear G-space E, a normed
linear space N and a closed G-embedding f : X ↪→ (E \ {0}) × N such that E \ {0} is a proper G-space. If, in addition, G is a Lie group
then (E \ {0}) × N ∈ G-AE.
For the proof we shall need the following two lemmas:
Lemma 3.11. Let G be a locally compact group, f : X → M a G-map between proper G-spaces and p : X → X/G the orbit map.
Then the image of the diagonal map ϕ : X → M × (X/G), ϕ(x) = ( f (x), p(x)) is a closed invariant subset of the product M × (X/G)
endowed with the diagonal G-action, where X/G is equipped with the trivial G-action.
Proof. Let f˜ : X/G → (M/G) be the map induced by f and q : M → M/G be the orbit map. Clearly, f˜ p = qf .
That ϕ(X) is invariant in M × (X/G) follows from the equivariance of f and the invariance of p. To check closedness
of ϕ(X), take any net {xλ} in X such that the net ( f (xλ), p(xλ)) converges to a point (a, p(x)) ∈ M × (X/G). Then f (xλ)
converges to a and p(xλ) converges to p(x). Consequently, q( f (xλ)) converges to q(a) in M/G . On the other hand, f˜ (p(xλ))
converges to f˜ (p(x)). But q( f (xλ)) = f˜ (p(xλ)), and therefore, being M/G a Hausdorff space we must have f˜ (p(x)) = q(a).
Since f˜ (p(x)) = q( f (x)), we infer that q(a) = q( f (x)). Thus a = f (x′) for some x′ ∈ G(x). Then p(x) = p(x′) and we get that
(a, p(x)) = ( f (x′), p(x′)) ∈ ϕ(X). Hence, ϕ(X) is closed in M × (X/G). 
Lemma 3.12. Let G be a locally compact group and N let be an A(N)E. Then, N considered as a G-space endowed with the trivial
G-action, is a G-A(N)E.
Proof. We shall consider just the “AE” case; the “ANE” case is quite similar.
Let A be a closed invariant subset of a G-space X ∈ G-M and let f : A → N be a G-map. Since the G-action on N is
trivial, f is in fact an invariant map; so it induces a continuous map f ′ : A/G → N . Further, as we mentioned in Section 2,
the orbit space X/G is metrizable. Hence, since N is an AE, the map f ′ extends to a continuous map F ′ : X/G → N . Now,
the composition F = F ′p : X → N is the desired G-extension of f . 
Proof of Theorem3.10. Let j : X ↪→ E \{0} be the G-embedding from Theorem 3.9. Then by Lemma 3.11, X can be embedded
as a closed invariant set in the product (E \ {0}) × (X/G). But the orbit space X/G is metrizable (see Section 2), and hence,
according to the Arens–Eells embedding theorem (see e.g., [10, Ch. II, Corollary 1.1]), one can embed X/G into a normed
linear space N as a closed subset. This generates a closed equivariant embedding of (E \ {0}) × (X/G) into (E \ {0}) × N . As
a result we get an equivariant closed embedding of X into (E \ {0}) × N .
If, in addition, G is a Lie group, then by Theorem 3.9, E \ {0} ∈ G-AE and by Dugundji extension theorem [13], N ∈ AE.
Then, by Lemma 3.12, N endowed with the trivial G-action is a G-AE. Since the product of two G-AE spaces is again a G-AE
space (this is quite easy to check), we conclude that (E \ {0}) × N ∈ G-AE. This completes the proof. 
The following result, in a particular case when the space of connected components of G is compact, was obtained in
[6, Remark 5] (compare also [15, Proposition 2.5]):
Corollary 3.13. Let G be a Lie group and X ∈ G-M. Then X is a G-ANE (resp., a G-AE) if and only if X is a G-ANR (resp., a G-AR).
Proof. We consider the “G-AR” case only; the “G-ANR” case is quite similar.
As we noticed in Section 2, if X ∈ G-M and X is a G-AE, then clearly X is a G-AR. Now suppose that X is a G-AR. Then
by the previous theorem, one can think X as a closed invariant subset of a G-space L ∈ M which is a G-AE. Since X is a
G-AR, it is an equivariant retract of L, which immediately yields that X is a G-AE as well. 
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